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1. Introduction
It is well known that k-arcs, especially ovals and hyperovals, together with unitals have played a
prominent role in many questions of ﬁnite geometry, see [2], [4, Chap. III.12], and [6, Chap. II], also in
connection with linear codes, see [1].
From a combinatorial point of view, it is certainly of interest to determine the possible intersection
patterns of an oval and a unital. This general problem is still open and appears to be rather involved.
Nevertheless, several results are known in desarguesian planes of odd order as far as the oval Ω is
classical being the set of all points of an irreducible conic C (equivalently, the set of all absolute points
of a non-degenerate orthogonal polarity π ) and the unital U is Hermitian being the set of all points of
a non-degenerate Hermitian curve H (equivalently, the set of all absolute points of a non-degenerate
unitary polarity ω).
The starting point of the present and the previous paper [3] is Segre’s result on permutable polar-
ities of PG(2,q2), q odd, see [7, Chap. IX]. If there are at least three points that lie in U ∩ Ω whose
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If π and ω permute, then U and Ω share exactly q + 1 points, and they have the same tangent at
each of their common points. Moreover, their intersection pattern is a Baer suboval, that is, it is an
oval Ω0 of a Baer subplane Π0 such that the common tangents of U and Ω also lie on Π0, being the
tangents to Ω0. Segre’s result shows that Baer subovals can occur in the intersection of U and Ω .
The intersection pattern with U and Ω such that there are two points, say A and B , that lie in
U ∩Ω whose respective tangents in U coincide with their tangents in Ω , was thoroughly investigated
in [3] where U was also be allowed to be a degenerate unital, that is, the set of all points of a rank 2
Hermitian curve in PG(2,q2). The main result was that just four cases can actually occur; namely,
U ∩ Ω is either {A, B}, or a Baer suboval and q odd, or a Baer suboval plus a point, or the union of
two Baer subovals. Moreover, the intersection pattern of U and Ω when they share a Baer suboval Ω0
was completely described showing that U ∩Ω is either Ω0 and q odd, or it contains one more suboval
sharing 0,1, or 2 common points with Ω0. Similar results hold for q even as long as Ω is classical,
although U ∩ Ω cannot be a Baer suboval. The proofs rely on counting arguments and computations
with Hermitian forms as well as on discussions about special equations over a ﬁnite ﬁeld.
In the present paper we give a complete classiﬁcation of the intersection pattern of a classical oval
and a (non-degenerate) Hermitian unital. We use a different approach depending on the theory of
plane cubic curves over a ﬁnite ﬁeld including the famous Hasse’s bound on the number of points
that a non-singular plane cubic curve may have over a ﬁnite ﬁeld. Our main result is summarized in
the following theorem.
Theorem 1.1. In PG(2,q2)with q > 3, let U be a Hermitian unital andΩ a classical oval. Then the intersection
pattern of U and Ω is one of the following.
(I) U ∩ Ω = ∅;
(II) U and Ω have only one common point and q odd;
(III) U and Ω have exactly two common points and also share the tangents at those points;
(IV) U ∩ Ω is a classical Baer suboval and q odd;
(V) U ∩ Ω is the union of two classical Baer subovals sharing either zero, or two, points, or, for q odd, one
point;
(VI) U ∩ Ω has size k with k ∈ {q,q + 1,q + 2} and meets every classical Baer suboval of Ω in at most four
points;
(VII) U ∩Ω has size k with (√q− 1)2 + 1 k (√q+ 1)2 + 1 and meets every classical Baer suboval of Ω
in at most six points.
Our notation and terminology are standard, see [4] where backgrounds on plane cubic curves are
also found. A recent treatment on unitals is [2].
2. Setup and preliminary results
In this paper GF(q2) denotes a ﬁnite ﬁeld of order q2 where q  3 is a power of a prime p. Two
cases are distinguished according as p > 2 or p = 2.
For p > 2, take a non-square element s of the unique subﬁeld GF(q) of GF(q2), and look at GF(q2)
as the quadratic extension of GF(q) arising from the irreducible polynomial f (x) = x2 − s. If i ∈ GF(q2)
is a root of f (x), both −i and iq are also roots of f (x) and iq + i = 0.
For p = 2, take an element δ = 1 of the unique subﬁeld GF(q) of GF(q2) such that δ has trace 1
with respect to GF(2) and hence the polynomial f (x) = x2 + x+ δ is irreducible over GF(q), and look
at GF(q2) as the quadratic extension of GF(q) arising from f (x). If i ∈ GF(q2) is a root of f (x), both
i + 1 and iq are also roots of f (x) and iq + i + 1 = 0.
In both cases, the elements of GF(q2) can uniquely written as x+ yi with x, y ∈ GF(q).
Let PG(2,q2) be the desarguesian projective plane over GF(q2) equipped with homogeneous coor-
dinates (X0, X1, X2). In PG(2,q2), let Ω be the classical oval consisting of all points of an irreducible
conic C . Without loss of generality, C has equation X21 = X0X2, and the points of Ω are P∞ = (0,0,1)
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Pt = (1, t1 + t2i, t21 + st22 + 2t1t2i) or Pt = (1, t1 + t2i, t21 + δt22 + t22 i) according as p > 2 or p = 2.
A (Baer) suboval Ω0 of Ω consists of q+1 points of Ω which lie in a Baer subplane Π0 of PG(2,q2).
If Ω0 is a classical oval of Π0, then Ω0 is a classical suboval of Ω . With the above setup, Ω0 arises
from lines and ellipses of the desarguesian aﬃne plane AG(2,q) in the following way. Every classical
suboval Ω0 of Ω which contains P∞ comprises other than P∞ the points Pt with t = x + yi when
P ′ = (x, y) ranges over a line of AG(2,q). Every classical suboval Ω0 of Ω which does not contain P∞
comprises the points Pt with t = x+ yi when P ′ = (x, y) ranges over a circle of AG(2,q). Here a circle
of AG(2,q) is a non-degenerate conic whose equation is
x2 − sy2 + ax+ by + c = 0, for p > 2;
x2 + xy + δy2 + ax+ by + c = 0, for p = 2, (1)
with a,b, c ∈ GF(q). Sometimes, it is useful to consider imaginary circles which are non-degenerate
conics of Eq. (1) with a,b, c ∈ GF(q2) such that at least one of the coeﬃcients is not in GF(q).
Conversely, every line, as well as every circle, of AG(2,q) gives rise to a classical suboval of C . This
also shows that when P ′ = (x, y) describes the points of an irreducible aﬃne conic in AG(2,q), the
points Pt with t = x + yi form a set that contains at most four points from every classical suboval
of Ω . Such a set has size q − 1,q or q + 1 depending on whether the aﬃne conic is a hyperbola,
parabola or an ellipse not a circle.
Let U be the unitary matrix associated to U . For p > 2,
U=
( a11 a12 + b12i a13 + b13i
a12 − b12i a22 a23 + b23i
a13 − b13i a23 − b23i a33
)
and
det(U) = a11a22a33 − a11a223 + sa11b223 − a22a213 + sa22b213 − a212a33
+ 2a12a13a23 − 2sa12b13b23 + sa33b212 + 2sa13b12b23 − 2sa23b12b13, (2)
with det(U) = 0. For p = 2,
U=
( a11 a12 + b12i a13 + b13i
a12 + b12(i + 1) a22 a23 + b23i
a13 + b13(i + 1) a23 + b23(i + 1) a33
)
and
det(U) = a11a22a33 + a11a223 + a11a23b23 + δa11b223 + a22a213
+ a22a13b13 + δa22b213 + a212a33 + a12a33b12 + a12a13b23
+ a12a23b13 + δa33b212 + a13a23b12 + a13b12b23 + δb12b13b23 (3)
with det(U) = 0.
Take a point Pt ∈ C with t ∈ GF(q2), and write t = x+ yi. Then Pt lies in U if and only if
(
1, tq, t2q
)
U
⎛
⎝ 1t
t2
⎞
⎠= 0.
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e(x, y) = a33
(
x2 − sy2)2 + 2(a23x+ b23sy)(x2 − sy2)
+ (a22 + 2a13)x2 + 4b13sxy + s(2a13 − a22)y2 + 2a12x+ 2b12sy + a11 = 0 (4)
for p > 2, and to
e(x, y) = a33
(
x2 + xy + δy2)2 + (x2 + xy + δy2)(b23x+ (a23 + b23)y)+ (a22 + b13)x2
+ a22xy +
(
a13 + b13 + (a22 + b13)δ
)
y2 + b12x+ (a12 + b12)y + a11 = 0 (5)
for p = 2.
Let E be the (possibly reducible) plane algebraic curve with equation e(x, y) = 0. Obviously, E is
deﬁned over GF(q) but it is regarded as a curve over the algebraic closure K of GF(q). From the
deﬁnition of E , we have the following result.
Proposition 2.1. Let M be the number of points Q = (x, y) in AG(2,q) which lie on E . Then
M =
{ |Ω ∩ U |, P∞ /∈ U;
|Ω ∩ U | − 1, P∞ ∈ U . (6)
This motivates the study of E that will be carried out in the subsequent sections.
3. Non-incident oval-unital pairs
We investigate the case where Ω and U have no common point. From Proposition 2.1, Ω ∩ U = ∅
implies that M = 0.
Assume Ω ∩ U = ∅, hence M = 0. Then a33 = 0 since P∞ ∈ Ω implies that P∞ /∈ U . Hence E is
a plane quartic curve containing no point of AG(2,q). Actually, E has no point in PG(2,q) either, as
x2 − sy2, for p > 2, and x2 + xy + δy2, for p = 2, are irreducible polynomials over GF(q). Also, E is
singular since it has two double points, namely Q + = (0, i,1), Q − = (0,−i,1) for p > 2 and Q + =
(0, i,1), Q − = (0, i+1,1) for p = 2. From M = 0, E is absolutely reducible. In fact, if E was absolutely
irreducible, its genus would be at most 1, and the Hasse theorem, see [4, Chap. 2.9] or [5, Chap. 9.2],
would imply that E has a point in PG(2,q). Let F be an absolutely irreducible component of E . Then
F also has genus at most one but no point in PG(2,q). The Hasse theorem applied to F implies
that F is not deﬁned over GF(q). So, every absolutely irreducible component of E is deﬁned over a
non-trivial algebraic extension GF(qr) of GF(q) with r  4 and contains no point lying in PG(2,q). This
allows us a thorough investigation.
Proposition 3.1. Ω ∩U = ∅ if and only if E splits into two distinct absolutely irreducible conics deﬁned over a
quadratic extension GF(q2) of GF(q) having no point in PG(2,q) and conjugate to each other over GF(q). Such
conics are imaginary circles.
Proof. First the case p > 2 is investigated. Assume that Ω ∩ U = ∅, then M = 0. Suppose that F is
a linear component of E . Since F is not the line at inﬁnity, it must contain either Q + , or Q − . This
implies that F is deﬁned over GF(q2). In fact, the Frobenius collineation
Φ(r) : (x, y) → (xqr , yqr )
leaves F invariant but it preserves the pair {Q +, Q −} only for r  2. Hence, F cannot be linear,
as every line of PG(2,q2) has a point in PG(2,q), while F does not. Therefore, E splits into two
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Q + and Q − . They are imaginary circles, and after setting a33 = 1 we may assume that
F : f (x, y) = x2 − sy2 + (α1 + α2i)x+ (β1 + β2i)y + γ1 + γ2i = 0,
G: g(x, y) = x2 − sy2 + (α1 − α2i)x+ (β1 − β2i)y + γ1 − γ2i = 0,
where α j, β j, γ j ∈ GF(q), j = 1,2, and
e(x, y) = f (x, y)g(x, y) = (x2 − sy2 + α1x+ β1 y + γ1)2 − s(α2x+ β2 y + γ2)2.
The condition M = 0 implies that F and G have no common point in PG(2,q). This occurs if and only
if the line
: α2x+ β2 y + γ2 = 0 (7)
is external to the circle
Γ : x2 − sy2 + α1x+ β1 y + γ1 = 0, (8)
or, in terms of αi, βi, γi ,
(−α1α2β2 + α22β1 + 2β2γ2)2 − 4(sα22 − β22 )(α1α2γ2 − α22γ1 − γ 22 )
is a non-square in GF(q).
Conversely, take α j, β j, γ j ∈ GF(q), for j = 1,2, such that the line (7) is external to the circle (8),
and ﬁnd coeﬃcients aij ∈ GF(q) in such a way that e(x, y) = f (x, y)g(x, y), that is, a33 = 1 and
a11 = γ 21 − sγ 22 , a12 = α1γ1 − sα2γ2,
a22 = 2γ1 + 1
2
(
α21 − sα22 −
1
s
(
β21 − sβ22
))
, a13 = 1
4
(
α21 − sα22 +
1
s
(
β21 − sβ22
))
,
a23 = α1, b12 = 1
s
(β1γ1 − sβ2γ2),
b13 = 1
2s
(α1β1 − sα2β2), b23 = 1
s
β1. (9)
If det(U), written as (2), is not zero for the values in (9), then the associated classical unital U contains
no point of Ω . It may observed that det(U) does not vanish identically when (2) is written through
(9) as a polynomial in α1,α2, β1, β2, γ1, γ2. Unfortunately, such a polynomial is too long to be placed
here.
An easy example, obtained for α1 = α2 = β1 = β2 = 0, γ1 = γ2 = 1, is the unital associated to the
matrix
U=
(1− s 0 0
0 2 0
0 0 1
)
.
The above proof may be adapted for p = 2 when {Q +, Q −} are replaced by {S+, S−}, and F , G
by
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L: (x, y) = x2 + xy + δy2 + (α1 + α2(i + 1))x+ (β1 + β2(i + 1))y + γ1 + γ2(i + 1) = 0.
We limit ourselves to exhibit an example of an unital U disjoint from Ω , namely the unital associated
to the matrix
U=
(
δ 0 0
0 1 0
0 0 1
)
. 
Proposition 3.1 and its proof have the following theorem as a corollary.
Theorem 3.2. In PG(2,q2), there are classical unitals which are disjoint from a classical oval.
4. Incident oval-unital pairs
We investigate the case where U and Ω have a common point. Since the collineation group G ∼=
PGL(2,q2), stabilising Ω , acts on the points of Ω as a transitive permutation group and the image
of U under g ∈ G is still a Hermitian unital, we may assume for our purpose that P∞ is a common
point of U and Ω . Under these hypotheses,
a33 = 0 (10)
in both Eqs. (4) and (5). Proposition 2.1 implies that M = 0 if and only if Ω ∩ U = {P∞}. It should be
noted that if |U ∩ Ω| 2, then we may also suppose that P0 is another common point of U and Ω ,
since G is two-transitive on Ω . Under the latter hypothesis, a11 = 0.
4.1. E is a line
If E is a line, we have a23 = b23 = a22 = a13 = b13 = 0. But then U has rank 2, a contradiction.
4.2. E is an absolutely reducible conic
In this subsection, E is a conic which is either reducible over GF(q) or is irreducible over GF(q)
but reducible over GF(q2). So, a23 = b23 = 0, and E has equation
(a22 + 2a13)x2 + 4b13sxy + s(2a13 − a22)y2 + 2a12x+ 2b12sy + a11 = 0 (11)
for p > 2, and
(a22 + b13)x2 + a22xy +
(
a13 + b13 + (a22 + b13)δ
)
y2 + b12x+ (a12 + b12)y + a11 = 0 (12)
for p = 2.
A standard argument relying on the classiﬁcation of reducible aﬃne conics gives the following two
results.
Proposition 4.1. If E is an absolutely reducible conic, then one of the following cases occurs:
(i) E splits into two distinct non-parallel aﬃne lines both deﬁned over GF(q), and U ∩ Ω is the union of two
classical subovals of Ω sharing two points;
(ii) E splits into two distinct parallel aﬃne lines deﬁned over GF(q), and U ∩ Ω is the union of two classical
subovals of Ω sharing one point;
(iii) E is an aﬃne line, counted twice, deﬁned over GF(q), and U ∩ Ω is a classical suboval of Ω;
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consists of two points;
(v) E splits into two distinct parallel aﬃne lines deﬁned over G F (q2), conjugate to each other, and U ∩ Ω
consists of one point.
Proposition 4.2. For p > 2, each conﬁguration of U ∩ Ω described in Proposition 4.1 occurs. For p = 2,
(i) and (iv) are only possible.
Proof. The arguments in the proof of Proposition 3.1 may be used to obtain equations similar to those
in (9) from which the assertion follows. For brevity, we limit ourselves to provide examples for each
of the ﬁve cases in Proposition 4.1.
Let p > 2. For
a11 = a12 = b12 = b13 = 0, a13 = s − 1
4s
, a22 = s + 1
2s
, s = −1
(i) holds. For
a11 = a12 = b13 = 0, a22 = 1
4s
, a13 = − 1
4s
(ii) or (iii) of Proposition 4.1 holds according as b12 = 0 or b12 = 0. For
a11 = a12 = b12 = 0, b13 = 1
2s
, a22 = 2s − 1
2s
, a13 = 1
4s
, s = 1
2
(iv) holds. For
b12 = b13 = 0, a11 = 1, a12 = 2, a13 = 1− s, a22 = 2− 2s
(v) holds.
Let p = 2. For
a22 = 1, a11 = a13 = a12 = b12 = 0, b13 = 1
(i) holds. For
a11 = a12 = b12 = b13 = 0, a13 = δ + δ2, a22 = 1,
then (iv) holds. Finally, we show that none of (ii), (iii) and (v) can actually occur for p = 2. If the two
linear components are either parallel lines or coincide, then the homogeneous equation
(a22 + b13)x2 + a22xy +
(
a13 + b13 + (a22 + b13)δ
)
y2 = 0
has a double root. Therefore a22 = 0. This together with a23 = b23 = 0 yield that det(U) = 0, a contra-
diction. 
As a corollary the following result is obtained.
Proposition 4.3. If E is an absolutely reducible conic, then |U ∩ Ω| can only assume a few values, namely
1,2,q + 1,2q,2q + 1 for p > 2, and 2,2q for p = 2.
Remark 4.4. Proposition 4.1 is a reﬁnement of [3, Theorem 1.5] for the case where E is an absolutely
reducible conic.
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In this subsection, E is an irreducible conic, then a23 = b23 = 0, and E has Eq. (11) for p > 2 and
Eq. (12) for p = 2.
Proposition 4.5. If E is an irreducible conic, then U ∩ Ω is a k-arc with k ∈ {q,q + 1,q + 2}.
Proof. The conic E can be either an ellipse or a parabola or a hyperbola in AG(2,q). In the ﬁrst case
if E is a circle if and only if a22 = 0, a13 = b13 = 0 but then det(U) = 0, a contradiction. If E is an
ellipse, not a circle, U ∩ Ω is a (q + 2)-arc. If E is a parabola, U ∩ Ω is a (q + 1)-arc and if E is a
hyperbola, U ∩ Ω is a q-arc. 
Proposition 4.6. If p > 2, then all possible conﬁgurations for U ∩ Ω described in Proposition 4.5 occur. If
p = 2, then all possible conﬁgurations for U ∩ Ω described in Proposition 4.5 but a (q + 1)-arc occur.
Proof. Let p > 2. If a11 = a12 = b13 = 0,a22 = s+12s ,a13 = s−14s , then U ∩ Ω is a q-arc for b12 = 1.
If a12 = 0, a22 = 12 , a13 = 14 , then U ∩ Ω is a (q + 1)-arc as described for b12 = 1 and b13 = 0.
If a11 = a12 = b12 = 0, b13 = 12s , a22 = 2s−12s , a13 = 14s , then U ∩ Ω is a (q + 2)-arc.
Next assume p = 2. If a22 = 0, we may choose a22 = 1. If moreover a13 = a12 = 0, b13 = 1 and
a11 = 0, then U ∩ Ω is a q-arc.
If a22 = 1 and moreover b13 = a12 = 0, a13 = δ + δ2 and a11 = δ2, then U ∩ Ω is a (q + 2)-arc for
b12 = 1.
If a22 = 0, then det(U) = 0, a contradiction. 
Observe that U ∩ Ω meets every suboval of Ω in at most four points. This follows from the fact
that two distinct irreducible conics share at most four points.
4.4. E is an absolutely reducible cubic
We investigate the case where E is an absolutely reducible cubic. So, either a23 = 0 or b23 = 0
holds.
First the case p > 2 is considered. As E has Eq. (4), from x2 − sy2 = (x + yi)(x − yi) we have the
following result.
Lemma 4.7. The points of E at inﬁnity are
Q + = (0, i,1), Q − = (0,−i,1), R = (0,b23s,−a23).
Lemma 4.8. If E is an absolutely reducible cubic then one of the following cases occurs:
(i) E splits into an aﬃne line r through R and a conic D through Q + and Q − . Both D and r are deﬁned
over GF(q).
(ii) E splits into three distinct aﬃne lines + , − and  where Q + ∈ + , Q − ∈ − and R ∈ . The line  is
deﬁned over GF(q), while both + and − are deﬁned over GF(q2) and are conjugate lines over GF(q)with
their common point L deﬁned over GF(q).
Proof. From Lemma 4.7, each of the three points of E at inﬁnity is simple. Therefore, each lies on
exactly one component of E . Let F be a proper component of E through Q + . Since E is deﬁned
over GF(q), the image F ′ of F under the Frobenius collineation (x, y) → (xq, yq) is another compo-
nent of E . Note that degF = degF ′ , and that Q − ∈ F ′ . If F is an irreducible conic, this yields that
F = F ′ , that is, F is deﬁned over GF(q). Obviously, F does not contain R . Therefore, the other com-
ponent is a line r through R . In particular, r is deﬁned over GF(q). If F is a line, say + , then F ′ is
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over GF(q). The third component is also a line, say , which contains R and is deﬁned over GF(q). 
Proposition 4.9. If E is an absolutely reducible cubic, then U ∩ Ω is one of the following sets:
(j) the union of two disjoint subovals when (i) holds with r external to D;
(jj) the union of two subovals sharing a common point when (i) holds with r tangent to D;
(jjj) the union of two subovals sharing two points when (i) holds with r secant to D.
Proof. In case (i), D is a conic containing no point at inﬁnity over GF(q). More precisely D intersects
∞ in {Q +, Q −}, so it is a circle in AG(2,q), and (j), (jj) and (jjj) cases arise.
Assume on the contrary that (ii) occurs. Let L′ = + ∩ − . Obviously, the point L′ = (x′, y′) lies
in AG(2,q), and Pt = (1, t, t2) with t = x′ + y′i is a common point of Ω and U . W.l.g. Pt coincides
with P0. Therefore, we may assume that t = 0. Then L′ = (0,0), and the lines + and − have equa-
tions x + yi = 0 and x − yi = 0 respectively. Furthermore,  has equation b23sy + a23x + c = 0 for
some c ∈ GF(q). Since (x+ yi)(x− yi) = x2 − sy2, this yields that e(x, y) is equal to (x2 − sy2)(b23sy+
a23x + c) up to a non-zero constant. Since a33 = 0, comparing this equation with (4) yields that
a11 = a12 = b12 = 0 and
(a22 + 2a13)x2 + 4b13sxy + s(2a13 − a22)y2 = 2c
(
x2 − sy2),
whence a13 = b13 = 0 follows. But then det(U) = 0, a contradiction. 
Proposition 4.10. For p > 2, each conﬁguration of U ∩ Ω described in Proposition 4.9 occurs.
Proof. For any non-zero c ∈ GF(q), deﬁne D to be the conic of equation x2 − sy2 + c = 0. Let  be the
line with equation a23x+b23sy+1= 0. For a13 = b13 = 0, and a11 = 2c, a22 = 2, a12 = ca23, b12 = cb23,
we have that
e(x, y) = (x2 − sy2 + c)(a23x+ b23sy + 1),
and that det(U) = −2c(a223 − sb223) = 0. Assume that a23 = 0. Then the line  is external, or secant, or
tangent to D according as
1+ c(a223 − sb223)
is a non-square, or a non-zero square, or is zero. This shows that for suitable choices of c, each of the
cases (j), (jj) and (jjj) occurs. 
Assume that p = 2. Then E has the following equation:
e(x, y) = (x2 + xy + δy2)(b23x+ (a23 + b23)y)
+ (a22 + b13)x2 + a22xy +
(
a13 + b13 + (a22 + b13)δ
)
y2
+ b12x+ (a12 + b12)y + a11 = 0. (13)
Since x2 + xy + δy2 = (x+ yi)(x+ (i + 1)y) we have the following result.
Lemma 4.11. The points of E at inﬁnity are
Q + = (0, i,1), Q − = (0, i + 1,1), R = (0,a23 + b23,b23).
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part of the proof of Proposition 4.9 can be adapted for p = 2. Assume on the contrary that (ii) occurs.
We may assume that L′ = (0,0). This time, the lines + , − and  have equations x + yi = 0, x +
(i+1)y = 0, and b23x+ (a23 +b23)y+ c = 0, with c ∈ GF(q), respectively. Therefore, e(x, y) is equal to
(x2 + xy+ δy2)(b23x+ (a23 + b23)y+ c) up to a non-zero constant. Comparing this equation with (13)
yields that a11 = a12 = b12 = 0 and
(a22 + b13)x2 + a22xy +
(
a13 + b13 + (a22 + b13)δ
)
y2 = (x2 + xy + δy2)c,
whence a13 = b13 = 0, a22 = c follows. But then det(U) = 0, a contradiction.
Proposition 4.12. For p = 2, (j) and (jjj) but not (jj) in Proposition 4.9 occur.
Proof. For any non-zero c ∈ GF(q), deﬁne D to be the conic of equation x2 + xy + δy2 + c = 0. Let
 be the line with equation b23x + (a23 + b23)y + 1 = 0. If a33 = a13 = b13 = 0, a22 = 1 and a11 = c,
a12 = ca23, b12 = cb23, then
e(x, y) = (x2 + xy + δy2 + c)(b23x+ (a23 + b23)y + 1),
and det(U) = c(a223 + a23b23 + δb223) = 0. Assume that b23 = 0. Eliminating x from the system
x2 + xy + δy2 + c = 0,
b23x+ (a23 + b23)y + 1= 0
gives (a223 + a23b23 + δb223)y2 + b23 y + cb223 + 1 = 0. Therefore,  is an external line or a secant to D
according as
(
a223 + a23b23 + δb223
)(
c + 1
b223
)
has trace 1 or 0 with respect to GF(2). This shows that both (j) and (jjj) occur.
Finally, assume on the contrary that (jj) holds. W.l.g. we may suppose that O = (0,0) is the tan-
gency point of  and D. Then  and D have equations b23x + (a23 + b23)y = 0 and x2 + xy + δy2 +
b23x+ (a23 + b23)y = 0, respectively. Therefore,
e(x, y) = (x2 + xy + δy2 + b23x+ (a23 + b23)y)(b23x+ (a23 + b23)y).
Comparing this with (5) yields a11 = a12 = b12 = a22 = 0. Since a33 = 0, this implies that det(U) = 0,
a contradiction. 
Remark 4.13. By Lemma 4.8 the hypothesis of [3, Theorem 1.5] is satisﬁed. Hence Propositions 4.9
and 4.12 can also be obtained as a corollary to [3, Theorem 1.5].
5. E is an irreducible cubic
If E is an irreducible cubic, then Hasse’s theorem, see [4, Chap. 2.9], applies to E .
Lemma 5.1. If E is an absolutely irreducible cubic curve of PG(2,q) then one of the following occurs:
(a) If E is a singular cubic, then it has either q, q + 1 or q + 2 points in PG(2,q).
(b) If E is a non-singular cubic, then its number of points in PG(2,q) is in the interval [(√q−1)2, (√q+1)2].
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Proposition 5.2. If E is an absolutely irreducible cubic curve, then the number of common points of U and Ω
is in the interval [(√q − 1)2, (√q + 1)2].
Our ﬁnal remark is that U ∩ Ω meets every suboval of Ω in at most six points. This follows from
the fact that an absolutely irreducible cubic and a conic share at most six points.
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